UNIVERSITA DI PIsSA

L’Approccio Frattale alla Meccanica non Locale
(The fractal approach to non-local mechanics)

Mario Di Paola

Universita degli Studi di Palermo, Italy
Dipartimento di Ingegneria Strutturale, Aerospaziale e Geotecnica
(DISAG), Viale delle Scienze Ed.8, 90128 Palermo.

email:mario.dipaola@unipa.it




QUTLINES

« LATTICE THEORY
e GRADIENT AND STRONG NON-LOCAL THEORY

e PHYSICALLY-BASED APPROACH TO NON-LOCAL
MECHANICS

« SELECTION OF THE DECAYING FUNCTION
« FRACTALS vs FRACTIONAL
« CONCLUSIONS



The Classical Continuum Mechanics (1D) Case
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Equilibrium of solid element:
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Constitutive Equation (LOCAL) Governing equation of the 1D solid
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The presence of microstructure in real-materials

RENORMALIZATION (WILSON 1972)

Homogeneous and often
Isotropic elastic material




The Molecular Dynamics Approach

Each particle has three degree of
freedom and its motion is ruled by the

Newtons’ law: MU (t) +Ku (t) =F (t)
u(t) 00" Displacement vector

M 1013731 Mass matrix

NANOSCALE

K 11330 Elastic bonds matrix

TERANUMBERS 0(10%)
DEGREE OF FREEDOM
INVOLVED !




The need for an enriched continuum mechanics

In the late fifties and mid-sixties the basis of a@mlized continuum
mechanics had been proposed considering the inner nrigctste
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The theory of micromorphic continuum



The Lattice Model of Materials (NN)

» Material properties often described at moleculaelléBorn-Von Karman):
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M - Mass of Lattice Atoms

K - Lattice Elastic Constant k! =k = EA/a

a - Lattice Distance

Fj = External loac



The Continuum Equivalence of the Lattice Models

. DerivatioAr;( of the Waves Equation for an 1-D model
a=

o f (x) = body force fiel
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« As Ax - O 1t is implicitely assumed that @me kind of
Interaction exists at each smaller scale (EUCLIDEABUECT)

e Lattice elements may exchange interactions stdistancea (NN)



The Non-Local

Elasticity Theories
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Non-local model

!
GRADIENT (weak non-locality)

) d d*
POO=B OO RGECI Bae O s = Be(x)+ [ o(xé X €

J(X) Axial stress

EI,El ’Ez Elastic moduli

E Axial strain

. }
. INTEGRAL (strong non-locality)

g( X,& ) Attenuation function

9
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The proposed model (Bounded domain)
f(xj)

AX

h=j+1 h=—c0

g™ =sign( %= x)(u-u) d x ¥

Di Paola M., Zingales M., 2008, Long-Range Cohesive Interactions of Non-Local Continuum Faced by Fractional Calculus,
International Journal of Solids and Structures, Vol.45, 5642-5659.

Di Paola M., Failla G., Zingales M., 2009, Physically-Based Approach to the Mechanics of Strong Non-Local Linear
Elasticity Theory, Journal of Elasticity, Vol. 97, 103-130.



The proposed model (continue...)

—.~ () = N(3)/ A

AN, +Q + f(x) Ax= Al\HZé{“ A Y ZE? AX+ X AxO
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d UX(ZX) _AJOL[U( X)— l(f)} Q(‘ X—ﬂ) & =- I( * BOUNDED DOMAIN
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Mechanical interpretation of non-locality
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Mechanical interpretation of non-locality Il

NON-LOCAL MODEL

K = AZszg(‘ X = 4‘)
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The stress-strain Relations and the overall Cauchy stress
—>
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GENERALIZING rax < x<(r+1)Ax
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The stress-strain relations and the overall Cauchy stress (ll)

o(=2($ 50wl K(uam0)] O AT T Cpar
j=r+1h=1 X N

:[E(“f ;;“)—A_i (4 -u) o] - )2 fj

Q( X) L x
A dx A & E0

[

I
>
—_—
—
=
Ay
I
A
S
2
Ay
I
-
5
5




Comparisons between the Eringen model and the
proposed model of long-range interactions

b

a

o(x)=Ee(X)- ALbX ::a[ ué,)- L(fl)] (;(\51—52\) ¢, d,

UNBOUNDED DOMAINS

o(x)=Es(x)+ Cj £(§) g(\ x—ﬂ) F ERINGEN (1972)

Mechanically-based
(2008)

(POWER-LAW, HELMOLTZ) g, (j% - %) = Cexp(~| - %|/4)

00

o(x)=Es(x)+ C)Izj Ag(f)exp[—\ x—ﬂ//l] 3

—00

(M. Di Paola, G. Failla, M. Zingales, 2009, PhidigdBased Approach to the Mechanics of Strong Non-Local

Elasticity, Journal of Elasticity, Vol. 9103-130. )



Comparisons between the Gradient and the
proposed model of long-range interactions

d2

e IERGIEE ESEE
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Taylor series expansion qj(x) about locatwon

du(x) & dTuN_ qc
E o ;rzj eI f (x) u(x)0C,
A 2j
= T o)

Di Paola M., Marino F., Zingales M., 2009, A Generalized Model of Elastic Foundation based on Long-Range Interactions:

Integral and Fractional Model, International Journal of Solids and Structures, 46, 3124-3137.




The elastic problem of the 1D Continuum with long-range forces

_—

E——Aj j( (&)- u&,)) d|é.-¢&)) &, &,

$2:x 6110
J do(x d
d(x): % (61 (x)+ 0 (4) = 1(%
%:e(x)
BOUNDARY CONDITIONS
u(0) = u(L)=LL

A (X, = Ao (X,
AT (X)), = A (X,

>9\)
(3),)=

N( 3| = F
))|o - H

Constitutive

Equilibrium

Compatibility

Kinematic

Static

Di Paola M., Pirrotta A., Zingales M., 2010, Mechanically-based approach to non-local elasticity: Variational principles,

International Journal of Solids and Structures, Vol.47, 539-548.



The Distance-Decaying function

e SU A(u()- u&) | <€) E= 13
EA0)e(0)= A0 (9=-F : EA (Y= Ai(YH=F

Local Cauchy stress equilibra
the external tractions

» The decaying function must be symmetric and musingeto the class of
monotonically decreasing function of the argumentsams lattice theory.

g(x¢)

. One-Dmensu_maI Geometr-<
(Euclidean)

= g(&, %= ¢ x¢])

r

Helmoltz Kréner-Eringen model for

Bi-Helmoltz unbounded solid

N~



The decaying function: The Fractional Problem

c, E 1
rl-a)|x-¢

- Fractional Power-Law: g(|x-¢])= = Osasi

* The Fractional Differential Problem:

i L o G Lo

* Integral Parts of Marchaud Fractional Derivative
A a ff(x)- f f
(Da+f)(X): I— 1_ J ( ) (1+(a))
( a) a (X - 5)

( D, f)( ) = r(1 a)s f(fzx_)_){u(j)

Unbounded Domains

(Drf)(x)=(D7)(% 5 (D7 f)(¥9=(D 1)(% a— —,b- o



£(X)

0.012

0.008

0.004

Numerical application

Free-Free bar

E=7200daN/ mn

F =10KN
a=0.5
A=100 mnf

 In real materials the straidsRE
NOT UNIFORM in tensile
specimen under uniform stress

OK

S T
c, =1.40 mm~?
— proposed model
¢ point-spring model L=200mm
------------- local model
AT T1 71 17 T T T T 1
-100 -60 -20 20 60 100
X
d?u(x . . f(x
( )—ca [(Dg+u)(x)+(Df_ u) (x)} = - (x)
dx? E 23




The 3D Non-Local Elasticity: The long-range forces

o(1x - &) The relative displacement

M (%.€) =u (x) —u (§)

The director vector

u (x) = R NP ! X’E -
X k( ) \/(Xk —fk)(Xk—qtk)
: X0 © qE.x)
T The directional Jacobi tensor

ij - rkrjg (X’E)

The specific long-range force applied in a paint

a(x.€) =G (x.€)n(x.)

Di Paola M., Failla G., Zingales M., 2010, The Mechanically-Based Approach to 3D Non-Local Elasticity Theory: Long-Range
Central Interactions , International Journal of Solids and Structures, doi: 10.1016/j.ijsolstr.2010.02.022.




The 3D Non-Local Elastic Problem

— Field Equations &

boundary Conditions
0 (x) =B, () = £ (x) Ox0V
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Euler-Lagrange Equations ~ (&(x8)=8(x&)7,(xz)
FTPU(X) +(A+ 4 ) u (x)
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The 3D Non-Local Elastic Problem:

Displacementu, (x,,—a/2) andu,(X;,0)

Som
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The 3D Non-Local Elastic Problem:
Some Preliminar results
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The Fractal Mechanical Model: The NN Lattice

* |t corresponds to a mechanical, point-spring model aQ:P(JJﬂ) =K, U J”)( u', U(P )
Pk Pk R (Ui - AP BAV
E'Jf?—o

MO0 g,k ()

K irtfrtly
. P, P, P P I/J P, K(J g+ zyprV 2y— K(J i+)
O OO W O W 7 1 (| )y B P
l/2 2 12 [/2

AV, = Al/2
Kq”_j'ﬁjj
- IBAVE
Py PP, P P, PP, ng i+ _ 3'h V _y ZKQ i+
[ OWN-O- WO Wk O W OO W O/ (1)
U313 3 13 1313
AV, = Al/3
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The Fractal Mechanical Model: The HB Dimension

(. j+1)

Pf_; K ) P KU. i+ P.” AVZ
\ 3 ’ r < +1)
QM Q—h——Q K = DAV ;
/ / (|)
K (r+1,r+2)
P M P P, / P —
f , AV =1/hA

)OO WO WO m -
2 2 12

b, (AV, )’

L (1/h)"

Pr-_i P.r—_’ P{—f P; P.r+f P.r—:_-‘//PH_{

V33 3 13 13 13 1 (j’j+1)(|j2_pr2(|j4_y

2 (h

e L

. Elastic potential energy invariance at any [0, =h[g] = h( hV“‘)s[cbo] =[]

observation scale

1
d, =——
Tasy ) 0O<y<4

Di Paola M., Zingales M., 2009, MultiScale Fractals and Fractional operators, A relevant example: Non-Local Elastic
Continuum, International Journal of Solids and Structures, (submitted).




The Governing Operators
» Horizontal Equilibrium of the Generic Element of the Nettice:

RO () —yf)) K JQ (_P)) QP(LJ+1):KJJ+J)(

: /\ d
\4

")

J+1

41 |
Jl J+1 2u +2L§) AH

Local Fractal

Local Euclidean y=3 b AAZUJ- _ g y# 37?77 mechanics
mechanics Pl AL T
d2U 2
b A— =-f(x Ax=1/h Au __
Agz =Y / b, A == 1(x)

» The classical govering equation of the continuum medsdmave been obtained
without introducing contact, local, stress in the moié argue that contact stress is
obtained as the resultant sthort-rangeforces between adjacent particles of solids.



The MultiScale Mechanical Fractal (MSF)
 The interaction distance do not change as we refine teereétion scale.

K, K 2
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The MultiScale Mechanical Fractal: The Scaling Law

» Physical interactions became negligible tainot vanisibeyond distance so that
they aremathematicallv zeronly as| — 00

" The MSF is obtained as the union of self-
.. 2l , Upward similar elastic chains ag _ oo
)
=i (i
M, =lim |l Jp,E
=1

m atany resolution scaland the scaling
law of the springs between different levels:

Wi
! L T . .
e 1 ? é“ o Parent set It maintainsits self-similar nature
W

_ 212 _
K(j’j+i) = "™ bp Al __hV 2 K(j i+

- h 14 |V - iy P

i | 12 12 12 " - Downward

Lo 1
e L dy=7-,| = O<y<4




The MSF Model: ENERGY INVARIANCE

% W * The Elastic potential energy at thel scale
| n n
b=

. . Pros] 1 T
S R LI [

22 ARAR C * The Elastic potential energy at thel/n scale

~Sl.whiowti THE INVARIANCE CONDITION
dnfzzn:[%j’jﬂ)]szi[,yz } Zn{ny4 }:in[ﬂﬁj’”)]:dﬁ

=1 i=1

The HB dimension of the mechanical MSF |9 =,




Q: What about operators ?

 Equilibrium equations at theobservation level: Fo=f A=

n
;@\ W% ZK ) S K- )
<H J p=r+1

A4 WW (j.i#) — pr2 (')2

K: _
2HMM/ 22 (il /n)”
) & prZ(ugm-ng) . t;ﬁ%( i - 4 ) 0
M/Wﬂ JMW—WM% wzoo (% =%4) (nj uzﬂ (%4 = %) (”j J(nj

b WA — Ax=1/n -0
oAl FUX-UE) e, 9 Y<) }
D e B {j (x=¢)’ j -&)’ i

A: Marchaud Derivatives ! b.A (D7u)(9+(D”d(3]=- (3

Di Paola M., Zingales M., 2010, The Multiscale Fractal Approach to Non-Local Elasticity: Direct Connection with
Fractional Operators, International Journal of Solids and Structures, (submitted).



Q: What about operators ?
A:. Marchaud fractional derivative

o = ac,
Fu(x)-u(E) s u()- q&) A (1-a)
pr{_jw -g) df{ (x-2) } (% y=l+a
9-u(e) . ) e el
a u(x)- 3 +(pe _
e O e P o - (o3 0290 4)= 1
1 1 O<y<4
H:4_y:3_0, — -1<a <3

Marchaud Fractional derivatives if:  g<g<?

Fractional Riesz-Weyl potential if: -1<a<0

Non-admissible for internal stress scaling: 2<a<3

Di Paola M., Zingales M., 2009, MultiScale Fractals and Fractional operators, A relevant example: Non-Local Elastic
Continuum, International Journal of Solids and Structures, (submitted).



The role of the fractal dimension
d, = O<y<4

4-y
Simple mechanical fractal: Euclidean solidglultiscale mechanical fractals: Fractional-
only with classical differential operators —order operators.
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The Euclidean case  d,=-—+ =~

4-y 3-a
ac, | ru(x)-ué) .. >9L(f) - [(D% _
o PO e A e = (o4 0290 3)= )

d, =1
y:3 :> < [Ca] = FLo™
_a=2

2 2 d2
c.[(Diu)(9+(D7u)(§]=-2¢ == f(
The Equilibrium Equation of Cauchy solid

EZZCZ - du _f(X)

axé E




Conclusions

» Solid bodies with fractal mass distributions may beisthidithin the Mechanically-

Based model of Long-Range Interactions and some tamoconclusions may be
withdrawn.

1.

The introduction ofractal distributionof the mass density in the solid leads to a
fractal mechanical modeépresented by a point-spring model whose stiffness is
power-law decreasing with the interdistance.

The assumption thanly interactions with adjacent partiggincluded in the
model leads toward a simple mechanical fractal thehsdo beuled by the local
version of fractional operatar¥he order of the operators is connected with the
fractal dimension of the mechanical fractal modeldgtin progress).

Assuming that long-range interactions are maintbateany resolution scale and
that interactions extends to infinityMultiscale Fractal mechanical model is
obtained The fractal dimension of the MSF coincides withttbf the composing
elastic chains.

The governing operators of thelltiscale Fractal mechanical modcae
Marchaud-type fractional differential equatioiitherefore we conclude that such
operators rules the physics of multiscale fractal sets.
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