PECSN, 3™ appello 2025

Exercise 1
Consider the following JPDF of RVs X, Y

22 . o~ (Ax+Ay) | g—axy x,y >0
0 otherwise

fay) =|

WithAd > 0,a = 0.
1) Compute the PDF of X and Y and compute the value of a such that they are independent

For the above value foraa and A = 8:

2) Compute the PDFof W = %

3) Compute E[W — 1]
4) Compute P{% <W <3/4}
5) Whattype of RVis W?

Exercise 2

A buffer has two available slots. Packets arrive with a rate A to the buffer. The buffer has a service rate
equal to u, and serves packets only when it is full. The buffer can serve either two or one packet
simultaneously, with a probability « and 1 — a, respectively.

1) Model the system and draw the CTMC
2) Compute the steady state probabilities.
3) Compute the probability that:

a. the bufferis empty;

b. apacketisrejected.

Check your answer against limit cases.

4) Compute the throughput. Find the minimum and maximum throughput as a function of a.
5) Compute the mean response time of a packet.
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Exercise 1 -solution

1) We obtain:

© +00 12 e—lx
12 e—(lx+ly) . e~ axy dy =)2. e—/le e—y(l+ax)dy —
0

+

fe) = fo

A+ ax

Similarly,
+oo /‘{2 . e_ly

= 12 .o~ @Ax+Ay) L p-axy dy = ... =~

Independence translates to:

fxX) - fr@) = f(xy)

2, ,—-Ax 92 . ,-dy
A" e A" e — /12 . e—(/1x+/1y) . eTaxy

A+ax A+ay

Where the only possibility is @ = 0. In this case, X, Y are lID exponential RVs.

2) The support for RV W = % =1+Y/Xis(1,+»)

FyWwW)=P{W <w}=P{Y <(w-1) X}

+0o ~(w—1)x
= j f N2e=A+Y) dydx
0 0

+00 (w—1)x
=j 1 e U A e"lydy]dx
0 0

+o0
— 2 e—lx[l _ e—l(w—l)x]dx
0
+o0 +o0
= A e Mdx — A e wxgy
0 0
1 (*® 1 1
=1—— Aw-e™W¥dx =1——
w w

From the above, we get f;, (w) = #

3) We get:
+00

EW =1 =B W] -1= [ w-—dw= e
10 w

4) The requested probability is zero, since both the endpoints of the interval are outside the support of
RVW.

5) Wis a heavy-tailed RV. In fact, it is

Va >0, lim e®™ - (1—FyWw))= 4o

w— 400
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Exercise 2

The CTMC is the following:

Global SS equations read:

Pol = prapu
P1A = pod + p,(1 — )
P2t = p1A

Callu = A/u for ease of reading. From the above one obtains:
a 1 u

PO ¥ 1+u L= 1+u Ta+ltu

The buffer can get empty only if & > 0. In this case, itis

a

Pempy =P0 = 4 4y
Since the (outside) arrival rate is constant, the probability that a packet is refused is:

u

R
p. decreases with a, which makes sense since a larger « makes the buffer empty faster.
The throughputis equal to

a+1

=A1-P)=1—m—
v =4 1) Aa+1+u

A more convoluted way to compute it is the following: the system works only when in state 2, and it
can serve either one packet or two, at a rate u with different probabilities. Therefore:

y=2-pprap+1l-p;-(1—-au

2auu (1—-—a)uu uu
= = (a+1)
a+l1l+u a+14+u a+1+4+u
_ a+1
S Ta+14u

. . - A . 21
The throughput increases with a, from a minimum of mto a maximum ofm.

The mean response time of a packet can be computed via Little’s theorem, as:

E[R]_E[N]_< 1 N 2u ) 1 a+1+u 1 1+42u
B T \a+14+u a+1+4+u 2 a+1 1 a+1



