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Exercise 1

Consider an unfair die, where the probability of obtaining 6 is p # %. The die is thrown several times. Call T

the RV that counts the number of throws before a 6 appears for the first time, and assume that E[T] = 3.

1) Find the distribution of T and compute P {—§ <T< \/11}.

2) LetT;, T, betwo IID RVs having the same distribution as T. Find the PMF of Z = min(Ty, T,).
Explain your findings.

3) Compute the 95" percentile of Zand Var (%Z — \/5)

Exercise 2

Consider an operating system where N tasks may issue a blocking request to a server. When all the tasks
are blocked, the server unblocks a random number of them simultaneously, which then resume their
operation. The other tasks remain blocked until the next service epoch. Each unblocked task issues blocking
requests at a rate A, and the service rate of the server is equal to u. Call r,, the probability of unblocking

n tasks.

1) Draw the CTMC
2) Compute the stability condition and the steady-state probabilities
Assuming from now on that ,, = const,
3) Specialize the SS probabilities
4) Find the condition under which the PMF of the SS probabilities is a monotonic sequence.
5) Compute the SS probabilities seen by a blocking task.
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Exercise 1 — solution

1) Quite obviously T is a geometric RV. Since E(T) = 1%’ = 3. Therefore, itisp = %. For a geometric RV, we
have Fr(k) = 1 — (1 — p)¥*1. This means that P{—% <T< \/ﬁ} =Y i PT=j}=F3)=1-
1-p)t =2

2) We have:

P{Z>k}=P{T, >kT, >k}
=P{T, > k}-P{T, >k}

= (1_ F (k))z
_(1- p)z'(m)

Therefore, itis F,(k) = 1 — (1 — p)>®+1 = F.(2k). From the latter, we obtain:
P, (k) =F (k)_ F, (k _1)

|:1_(1_ p)Z(k+l):|_|:1_(l_ p)Zk:|

= (- p)"[1-(-p)’

Call ¢ = (1 — p)?, and the latter becomes p, (k) = q*(1 — q), which is again a geometric RV, with a
success probability equalto 1 — g =1 — (1 —p)?.

Like with exponential RVs (of which the geometric are the discrete counterparts), a minimum property can
be formulated: the min of 2 IID geometric RVs is itself a geometric RV, whose success probability is 1 —
(1 —p)?, i.e. the complement of the probability that both trials will fail.

3) The 95 percentile of Z is obtained by solving the following equation F,(k) = 0.95 for k:
F, (k)=0.95
1-(1-p)"*? =095
B
4 20
2(k+1)-[log(3)—log(4)]=—log 20

~ 1+log(2) L
k‘LDogu)—Iogw)ﬂ o

Moreover, it is:
2
Var(éz —\/EJ = (Ej Var(Z)
9 9
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Exercise 2 - Solution

Note that the system has a finite capacity, hence it is always stable.

2) The steady-state global equations are the following:
Po*N-A=Py-my-H,
Pp-(N=j)A=P_4 - (N=(G—1)A+Py-my_j-pu, 1<j<N-1
Py p=Py_q-2

After a few algebraic manipulations, the following recurrence can be easily obtained:

j
N TN-i
p. =P, - .
N Z Ty
i=0

With 0 < j < N — 1, and
N-2

U Tty

PN=P0'

From the above we obtain the following normalization condition:

N-1 j

N * A N T[N—i
ol D [ =1
Ty = ] = TN
From which we obtain the SS probabilities:
1 . _] TTN—i
p — N—j #=0 my
g _L+ZN—1 [sz nN—i]
LTy k=0 |N — | " &i=0"pg,,
A
Py = H-Tiy
A v-1[_1 vk Tn-i
,u-nN+Zk=0 [N—k Zizo Ty ]

3) If T, = const itis m,, = 1/N, hence the above SS probabilities become:
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e i
L — N-j P, = Wy
] = N_A+ZN_1k+1/ N — N_A+2N_1k+1
u k=0 pN-k u k=0 N-Fk
. _1 k+1 N-n+1 N+1 .
Considering that Zﬁzgﬂ =yN_, — = N . (T - 1) = (N + 1)Hy — N, we obtain:
i+ m
L — N-j _ u
Py

B (N+1)HN+N(%—1)' Py = (N+1)HN+N(%—1)

Where Hy is the N-th harmonic number.

Pj+1 _ j+2 N-—j
P

4) Let us check that P; < Pj ;. In fact, P

> 1. Moreover, itis Py_q < Py if
(N=-1)+1 < N2
N-(N-1) wu

i.e., if A > u. Therefore, under the above condition the PMF of the SS probabilities is an increasing
sequence.

5) The system is non PASTA, hence:

AP WN-pp  _j+1 j+1
r; = = - = - =
7Bl SN -DP XNgi TN-(N+ 1)

With0 <j < N —1.



