PECSN, 22/02/23

Exercise 1
Consider the following JPDF:
_(k-x-y 0<x<2 0<y<x
floy) = { 0 otherwise
1) Findk

2) Compute the PDFs of RVs X and Y. Are X and Y independent RVs? Justify your answer.
3) Compute the PDF of RV Z = % and its mean value. Is Z heavy-tailed? Justify your answer.

Exercise 2
Consider a queueing system where jobs arrive with exponential interarrival times. The arrival rate is

independent of the number of jobs currently in the system. The service time is also exponential, and
the service rates may depend on the number of jobs in the system (and also be null in some states).
Whenever a job ends its service, all the waiting jobs are flushed, i.e., the queue is emptied.

1) Model the system as a queueing system and draw the CTMC.

2) Write down the global equilibrium equations and the normalization condition in their

general form.

Assume that service rates are constant:
3) Compute the stability condition.
4) Compute the steady-state probabilities and the mean and variance of the number of jobs in
the system.
5) What happens to stability if 4; = 0 Vj = k? Justify your answer.
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Exercise 1 — solution
The JPDF is defined in the triangle in the figure.

y A

—
0 2 x

1) The normalization condition reads foz[foxk -x -y dy] dx =1, hence:
27 rx 2 x 2,2 412
f U k-x-y dyl dx=k-f xU y dyl dx = k-f X — dx=k-l—l =2k
0 0 0 0 0 2 8 0

The resultis k = %

The same result can be obtained inverting the order of the variables in the double integral, taking care
to define the extremes correctly:

21 (2
f Uk-x-y dxl dy = - =2k
o Ly

X

@W=gx [y ay=g2
&x-—ffoy y =g

2) The PDFs are:

B 1 J-Z D = 1 ) yZ B y3
ﬁb&—zy-yx x=5y- ==Y —7
It can easily be checked that f(x,y) # fx(x) - fy(y), hence the two RVs are not independent.

1

3) P{X < x} =Fx(x) = % = P& > ;} =1-F, (i) Therefore, F,(z) =1 — :

1
—_—Z > -
16:z4" 7 T 2

The PDFis f;(z) = 42%. The mean value of Z is
EZ— +001 d_]- +001d_1 1+oo_2
[]—L el Z—ZL 7 =333, =3
2 2

The definition of heavy-tail is the following: VA > 0, lime** - (1 — Fz(2)) = »
By substitution, we get:

lim e?Z . 161 = 400, VA > 0.

Z—0 z4

Therefore, Z is heavy-tailed.
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Exercise 2 — solution
1) The CTMC is the following:

2) The global equilibrium equations in their general form are:

+o0
Po'/1=zpi'ﬂi
i=1

pj-(A+u)=pj1-2 j21
A
1., +up)’
40 A_’] —
I el
3) If service rates are state-independent, it is u; = u, hence the infinite sum in the normalization

From the second one we easily obtain p; = p, -

From the above, normalization reads: p, - [1 +

. 400 A
becomes: =1 Gy
A
2 . w i 6 FrE A
Call 6 = v If u # 0itis 6 <1, hence the above sum converges to 7% 6/ = = A —
_A+u

Therefore, the stability condition is u # 0.

. . . . j j+1
4) With non-null, state-independent service rates, it is po = =—, p; = po - (L) = % (L) .

A+u A+u A+u
u 2 \J+
Hence, pj = 1 (m) ,j =0.
CytE g o By (A2) .
Therefore, we have P(z) = X7 2,pj - z Tep 2i=0 (/1+u) mes oM the latter, we get:
u A-p

9
P<Z):£A(1—z)+u:[/1(1—z)+y]2

cu - [22%2 =224 + w)]
[A(1 = 2) + pu]*

0 A
P"(z) = EP'(Z) =

And it is;
A
E[N]=P'(1) = "
222 1 A2 A
Var(v) = P"(1) + () - P = 2o+ 2= =2 (142)
W op prop [0

5) If the service rates are identically null starting from some state k onward, then it is p; = p, Vj =

k . Then, normalization reads:
k—1 400
po+2pj +Zpk =1
j=1 j=k
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The infinite sum diverges, unless p, = 0. This means that the system is unstable. This could have
been observed right from the CTMC: if the system hits state k, which happens with nonnull
probability, then it will never empty again, because there is no longer a path leading to state zero.



